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Physics-Encoded Architectures: Positioning

Physics-Informed Loss
L= cph_vsics + Laata

Physics-Guided Inputs, Data,
and Representations
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Taxonomy

Physics-Encoded Neural Networks forcibly encode known physics
into their core architecture (Faroughi et al., 2024)
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Physics-Encoded Learning Architectures: Multiple Classes

Lagrangian & NODE & Variational Hybrid Physics-Neural
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Physics-Encoded Learning Architectures: Multiple Classes

Lagrangian &
Hamiltonian Approaches
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Lagrangian &
Hamiltonian Approaches
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Formulating Equations of Motion

How can we describe the equations of motion for a physical system?

formulation
e« Y, Fi=ma, );M;=1I1a foreachbody
« Explicit modeling of forces and moments

- Lagrange formulation
 Energy-based approach
* No need to directly model forces and moments
« More suited for multibody systems with complex kinematics

mms) Let's focus on the Lagrange formulation now



Lagrangian Equations of Motion

For a physical (mechanical) system, the Lagrangian £ is typically defined as:
L=T—
IS the kinetic energy, /' is the potential energy

_1.T : av _
=24 M@q - =90)

 q,q are generalized coordinates and velocities
* M(q) = inertia matrix (symmetric and positive definite); g(q) = grav. forces

Euler-Lagrange equations (from Calculus of Variations)

— =T T = generalized (non-conservative) forces

C. C. de Wit, B. Siciliano, and G. Bastin, “Theory of robot control”, Springer Science & Business Media, 2012.



Lagrangian Equations of Motion

Substituting L=7T-V, T = %qTM(q)q, Z—q = g(q) in the Euler-Lagrange Equations:
d oL 0JL _ L . 10 .. : '
dtdg g " ) M(q)q + M(q)q _§<a_q (q M(q)q)) +9(q) =1
\ ' J
c(q,q)

!

M(@q+c(qq +9g(q) =7

C. C. de Wit, B. Siciliano, and G. Bastin, “Theory of robot control”, Springer Science & Business Media, 2012.



Lagrangian Equations of Motion

Substituting L=7T-V, T = %qTM(q)q, Z—q = g(q) in the Euler-Lagrange Equations:
doL oL _ mes) M(q)q + c(q,q) + g(q) =
dt ¢ aq—T q)q+c\lq,q) vgiq)=1

« M(q) :inertia matrix (symmetric and positive definite)
* ¢(q,q) : centripetal and Coriolis forces

 g(q) :generalized gravitational forces

e T . generalized (non-conservative) forces

What if some of these quantities are not known?

C. C. de Wit, B. Siciliano, and G. Bastin, “Theory of robot control”, Springer Science & Business Media, 2012. 10



Traditional Engineering and Deep Learning

« Traditional engineering: compute M(q) and g(q) from measured / estimated
masses, inertias, lengths

* Pros: entirely analytic, interpretable, limited complexity

« Cons: model approximations and limiting assumptions remain;
real measurements / estimators are needed

. ignore the Lagrangian structure and learn everything from data
Pros: flexible, no reliance on approximated models

« Cons: data-hungry, prone to overfit

Can we integrate prior physics knowledge into learning?

11



Deep Lagrangian
Networks (DeLaN)



Deep Lagrangian Networks (DeLaN)

Idea: use neural networks (multi-layer perceptrons) to learn the unknown:

* M(q) (mass and inertia matrix)
« V(q) (potential energy function), or equivalently g(q)

T

II'I'II
.I- |

£=1d"Migq— Vig

Mgl +elg.q) + glg T

M. Lutter, C. Ritter, J. Peters, “Deep Lagrangian Networks Using Physics as Model Prior for Deep Learning”, ICLR, 2019
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Deep Lagrangian Networks (DeLaN)

What about the centripetal and Coriolis forces c(q,q)?

We don’t need to learn them, as they can be computed from M(q) and gq.

T
Remember their definition: c¢(q,q) = M(q)q — —( (qTM(q)q))

T

q-

II'I'II

C=5q Migig—Vig

Miglg+oga+gigl=r

M. Lutter, C. Ritter, J. Peters, “Deep Lagrangian Networks Using Physics as Model Prior for Deep Learning”, ICLR, 2019
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Deep Lagrangian Networks (DeLaN)

Ensuring physical consistency: the mass matrix M(qg) must be symmetric and
positive definite (M(q) > 0) = learn its Cholesky factoriz. rather than a full matrix

M(q) = L(q) L(gq)" with L(q) = learnable lower-triangular matrix

T

II'I'II
i.

C=5q Migig—Vig

Miglg+oga+gigl=r

M. Lutter, C. Ritter, J. Peters, “Deep Lagrangian Networks Using Physics as Model Prior for Deep Learning”, ICLR, 2019
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Deep Lagrangian Networks (DeLaN)

Learn M(q) and g(q) with supervised learning: minimize the deviations between
* The predicted generalized forces/moments = computed from

= M(q)g+c(q,q) + g(q)
 The actual actions % applied to the physical system = loss function || — ]|*

T

II'I'II
i.

C=gq Migig—Vig

Miglg+oga+gigl=r

M. Lutter, C. Ritter, J. Peters, “Deep Lagrangian Networks Using Physics as Model Prior for Deep Learning”, ICLR, 2019
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Deep Lagrangian Networks (DelLaN) - Examples

Inverse dynamics learning for robot control
* Trajectory tracking with a 7-DoF robot
« Desired joint pos., vel., acc. {q4, 94, G4}
* Feedforward + feedback (PD) control
T=K,(qq — @) + K4(qq — ¢) + 7
T = M(q)g+c(q,q) + 9(q)
with T = motor torques at the joints

Wi Dl 1

M. Lutter, C. Ritter, J. Peters, “Deep Lagrangian Networks Using Physics as Model Prior for Deep Learning”, ICLR, 2019



Deep Lagrangian Networks (DelLaN) - Examples

Inverse dynamics learning for robot control . b
* Trajectory tracking with a 7-DoF robot _

» Desired joint pos., vel., acc. {qg, 44, 44} e
* Feedforward + feedback (PD) control :

T=Kp(qa — @) +Ka(qq — q) + 7
s = M(q)q +c(q,q) + g(q)

» Outperforming a generic feedforward NN gigaty!
(FF-NN) & better generalization to new data

M. Lutter, C. Ritter, J. Peters, “Deep Lagrangian Networks Using Physics as Model Prior for Deep Learning”, ICLR, 2019



Questions & Discussion

™ %
B
7 #
e

"

Questions are welcome!

Let’s discuss ideas, challenges
and perspectives!

19



Lagrangian Neural
Networks (LNN)



Lagrangian Neural Networks (LNN)

Idea: Learn the whole Lagrangian L from measured generalized coordinates q, q

- DelaNs assume specific structures for L and the kinetic energy T, which hold
for rigid body dynamics but not for other systems (e.g., charged electric particle)

1
L=T(qq) —-V(g = EqTM(q)él - V(q)

* |n contrast, LNNs can learn more general Lagrangian structures
- LNNs aim to ensure energy conservation

E’Ef;:_'q S

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020
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Lagrangian Neural Networks (LNN)

Compute g from g, q using the Euler-Lagrange equations:

d

Vil =W
dr Vel

Use the chain rule to expand % considering that £ = L(q, q)

(VW £ + (Vi V, L = Vgl

!

§= ViV, L) Vel — (V% £3d| 9 loss function || — §]|2

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020

22



Lagrangian Neural Networks (LNN)

§ = [vq-v} L) VoL — (VoW L)

lagranpean %%

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020
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Lagrangian Neural Networks (LNN)

General-purpose NNs lose energy over time 4=ssssss) LNNSs conserve energy

 Baseline NN ™
it Femdtpiam H 4 Lo ol ™
B Ererrn
i ._.__.._.l--'__.._li-_ ._:.'l--l':.___.
"II_.. _""_"l" | ....-:;-. g I .-;.::::
=y o ey gl o ."-.__-li:l::r_::l:-'...
", rum & I. I'.
LN TN A
( Lagrangian Nod A h
pmry Tomm "':: sl B
- i
o .-.-'.- *
'I-!I.-'
@ {rmermrml B -
Py ol o ' iy il
1™ mwed S raneermcal 1 |II [

r .' A
e b= LY il b el 'I,.-"

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020



Lagrangian Neural Networks (LNN) - Examples

General-purpose NNs lose energy over time 4=ssssss) LNNSs conserve energy

Example: Dynamics learning with a double pendulum

..;W\ﬂnr [‘HNWZ =S
-1 L :J-l:.-'lri \J f . . E 1
T4 100 JLE 415 bR 0S5 1304 e - — .1 - P ————
1 — o | i ] | EE .
:' | "'-"'l-: '.III . .'|I < | ‘—:.—!- ik
..E. .1"~.|III '-Hlllﬂll"'llll\'l'lr- = f-:E .
- | . EE -

(SN 1] 25 S Tt G0 3 EF 415 HSE 415 150a (1] ima F (& EEl TEEl
fmme Iime lilmer

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020 25



Questions & Discussion

™ %
B
7 #
e

"

Questions are welcome!

Let’s discuss ideas, challenges
and perspectives!

26



Hamiltonian Neural
Networks (HNN)



Formulating Equations of Motion

formulation
« Y FE=ma, );M;=1a foreachbody
« Explicit modeling of forces and moments

- Lagrangian formulation
 Energy-based approach L =T —V
* No need to directly model forces and moments
* More suited for multibody systems with complex kinematics

« Hamiltonian formulation
 Energy-based approach, similar to the Lagrangian
« Suited for systems with many DoFs (quantum systems, celestial mechanics,
fluid dynamics, ...)

28



Hamiltonian Equations of Motion

For a physical system, the Hamiltonian # is related to the Lagrangian £
through the Legendre transformation:

cpOL{g.q) i

MHlg.pl=9q % g.tq]  With g = generalized coordinates, p = momentum
i

Hence, the Euler-Lagrange equations can be rewritten using #H':

dor oL _
ataq og ¢ = |4=

oM
' T g

With T = generalized (non-conservative) forces
- in the autonomous conservative case, = 0 and 4 =

M _H
ip g

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019 29



Hamiltonian Equations of Motion

The Hamiltonian H can be designed to be equal to the total system's energy:
H = Etot, andtypically H =T +

with 7" = kinetic energy, I/ = potential energy

Designing H requires domain knowledge and can be hard for complex systems

'

Can we learn 3 from data and ensure energy conservation?

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019
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Hamiltonian Neural Networks (HNN)

Idea: Learn the Hamiltonian H from data - parametrized model Hy

» Goal: satisfy the Hamiltonian equations ¢ = iy = _IH
fp Hey
. . o _||9He _ dg dHs | dp 09 _ . Op _
= Loss function:  Lywy =| b O E+ Ba + 5 Note: -~ =¢q, —
NN to learn Hy :\;)
¥ |
1
| ]
[+

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019

p
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Hamiltonian Neural Networks (HNN)

Idea: Learn the Hamiltonian H from data - parametrized model Hy

» Goal: satisfy the Hamiltonian equations i = ",m. = —'I,}H
i ey
. . _||8Hs g dHs  Jp
=> Loss function:  Lgya = || b O E+ B + 5 3
— Pl O 0Hg 0Hg , .
NN to learn H, [ | Get ape’ aqe (with
] ] andiaa, automatic diff.) and
1 - -.- = == Compute 1'9, q
| I (numerically

B
[ Commm) ™07

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019
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Hamiltonian Neural Networks (HNN)

Idea: Learn the Hamiltonian H from data - parametrized model Hy

 Goal: satisfy the Hamiltonian equations ¢ = L SR
i ey
. . _||#He  8q dHs | dp
=> Loss function:  Lgya = || b O E+ 5q T i E
NN to learn H, I___:l L Train 7y minimize
1 ] b, the deviaa}’gionas}[
% P 0 0
: _ . | between o’ 04
L 1o+ andthe computed
. round-truth) p, ¢
1 ¥ | | 9%65/0p, 074,/0q | 9 )P4

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019 33



Hamiltonian Neural Networks (HNN) - Examples

General-purpose NNs lose energy over time <=====) HNNs conserve energy

Idzal mass-sprng sysiem

| Bascline MM I
]
ENES

[Harsttorian un|
gt of e 7,
) I ....... .
I
KNS

Predicton

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019
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Hamiltonian Neural Networks (HNN) - Examples

General-purpose NNs lose energy over time <=====) HNNs conserve energy

Frictionless mass-spring system

N WS etwmeen coordnaeE i'F._EI'H“"l"II'-I-l?FﬂHﬂ'l!I-I:l apantthy Tela sramy
1.1 - - l
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H' 15 =341
= Ll 4
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E =15 (R A e Tt B e
— - = = Rawd s
=L K il — gl (]
-1 (] 3 d a & (11] kE JE ] - IC i5 a 1 & L4 ak i j -
E Fiew=<lrep Teer i Tirw= il rp
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S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019



Hamiltonian Neural Networks (HNN) - Examples

General-purpose NNs lose energy over time <=====) HNNs conserve energy

Frictionless pendulum

EHAl Pl

[} [= ] " Bl = = nm

Fraciclicne W5SE petwmeen coordnstee Todal FMN-con=aved guanith Tlal sremy
— L | — e . — e B B0 e rmra e ﬂll
— il — e Tmm rl N M

) |

ELE Pl h
=LA -
- &

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019
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Hamiltonian Neural Networks (HNN) - Examples

Can a Hamiltonian Hy be learned from pixel observations?

« Coupling an HNN with an autoencoder to map pixels to a compact latent space

\\ | /Eg

Input RGB image
(pixels)

Instead of training the HNN on the position (g) and momentum (p) coordinates,
use the latent representation of the input image

-
prd
O
O mp| q,p
O
Py
/ L atent
space

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019
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Hamiltonian Neural Networks (HNN) - Examples

Can a Hamiltonian Hy be learned from pixel observations?

« Coupling an HNN with an autoencoder to map pixels to a compact latent space
 Instead of training the HNN on the position (qg) and momentum (p) coordinates,
use the latent representation of the input image

Ground truth

AN/ 70NNV Z P VNN 70

Hamilltonian HN

WAV L AANNTZ I AANNRE A

Basaline MK

SAMAARRAR RN

Pendulum angle

=i ] i K 1B
Thres

S. Greydanus, M. Dzamba, J. Yosinski, “Hamiltonian Neural Networks”, NeurlPS, 2019
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Questions & Discussion
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Questions are welcome!

Let’s discuss ideas, challenges
and perspectives!
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Physics-Encoded Learning Architectures: Multiple Classes

Lagrangian &
Hamiltonian Approaches
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Physics-Encoded Learning Architectures

Lagrangian &
Hamiltonian Approaches

@{3 -
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fromn vartational principles

NODE & Variational
Integrator Networks
i
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: Multiple Classes
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NODE & Variational
Integrator Networks

xm—-ﬁ 4 = fronel

VL |.I Ll
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Learreing dynardcs v
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Neural ODE
(NODE)




Neural ODE (NODE)

Consider a continuous-time Ordinary Differential Equation (ODE)

dht) _ _
= fihit). t. 8
I Fihit), t.8)

Neural ODEs use a neural network f to learn the right-hand side from data

Discrete-time case: residual network f, obtained by discretizing a NODE

ﬁﬂtﬁi?ualll'{ﬂlﬂmrk ) ﬂﬂih'.ﬂwc-rli
b1 = by +{f{hy, 8) EJ%:EHIII{? 53\‘- 11 /r/
L_J'Jl ”[xt il

I pre i decbeni Tt pd
R. T. Q. Chen, Y. Rubanova, J. Bettencourt, D. Duvenaud, “Neural Ordinary Differential Equations”, NeurlPS, 2018 44



Neural ODE (NODE)

dht]
it
Gradient-based training (simplified): 6,., = 0, —nVL,, with f parametrized by 6

—| fihit).t,#)| Example loss function: L = ||k — h||?

Challenge: How to backpropagate V1, through an ODE solver?

Solution:
* Neural ODEs compute VL, via the adjoint sensitivity method for automatic

differentiation, which applies to any ODE solver (Euler, Runge-Kutta, ...)
« Scales linearly with problem size, has low memory cost, and provides
numerical error control

R. T. Q. Chen, Y. Rubanova, J. Bettencourt, D. Duvenaud, “Neural Ordinary Differential Equations”, NeurlPS, 2018
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Variational

Integrator Networks
(VIN)



Variational Integrator Networks (VIN)

Limitation of Neural ODEs: Euler / Runge-Kutta solution schemes, which may not
accurately preserve the geometric and energy properties of physical systems
dht)
it

Idea of VIN: Use structure-preserving Variational Integrators (VIs) instead of a
standard ODE solver to solve Euler-Lagrange ODEs

- Vls are symplectic integrators: they approximately conserve energy & momentum

(introducing 3" or higher-order errors)

= fihit), ¢, 8

I-'.' - _|'.r _|'.r
i Pl &0 = T .__-—_  A— i — - e  A—
. N v Y Y% ™
il = L —_— — e — — o |
I (= - i = e %,
= e _.-.____."-{(: = e -

e g S —— s
D - [ = e = = [T
S. Saemundsson, A. Terenin, K. Hofmann, M. P. Deisenroth “Variational Integrator Networks for Physically Structured Embeddings”, 47

International Conference on Artificial Intelligence and Statistics, 2020



Variational Integrator Networks (VIN) - Examples

Frictionless mass-spring system with noisy observations [q;, p;, 4¢, p¢] (q being

position and g being momentum):
« With a small training set, Hamiltonian NN (HNN) tends to overfit and underperform

* VIN outperforms HNN and a general-purpose NN

small training set medium training set
. . - 4
i — | %
@i ] = L 1 =
& 5 B — ] =
Sas- Baa-
i . B .
B =1 = ? B =1 = F-.
= B L= |
T T
-! T ] T ol | T T T I:I -! 1 T T | T T T 1
- -1 = 11 a0 5 Lo 15 a0 - -1 0 1 a0 5 Lo 15 a0
q Time step k| Time siep
— GGround truth s Bocaljre NN s RN o 5T LG
S. Saemundsson, A. Terenin, K. Hofmann, M. P. Deisenroth “Variational Integrator Networks for Physically Structured Embeddings”,

International Conference on Artificial Intelligence and Statistics, 2020
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Variational Integrator Networks (VIN) - Examples

Frictionless pendulum with noisy observations |q,, p;, 4;, P¢] (g being position and q

being momentum):
« With a small training set, Hamiltonian NN (HNN) tends to overfit and underperform

* VIN outperforms HNN and a general-purpose NN

Predictions

small training set medium training set

- LT e 1| .
" s MUY rl 1y 1 - ﬂn.l-:“ll' iy
hy x i r x
: 4 - I O i oy 3
| | | 1 0 — | | | 0
o - 0 i 19 1% 3% E = - o 5 1@ 1%  an
125 m o .
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T 1 T 1 T 1 1 1 | T 1 1
-1 1] 1 0 5 1% 15 £ -1 1] a0 5 1 L% 211
q Timie stap q Tima step
s Ground truth = Baseline NN o= HEEN 0 o=

S. Seemundsson, A. Terenin, K. Hofmann, M. P. Deisenroth “Variational Integrator Networks for Physically Structured Embeddings”,
International Conference on Artificial Intelligence and Statistics, 2020
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Which Approach
Shall We Choose?



Comparing Neural ODE, HNN, LNN, DeLaN

How to choose?

Do we have any physics priors available?

Do we want to learn differential equations?

* |s energy conservation important?

 |s the structure of the Lagrangian known for the specific problem?

Meural pet Newural ODE HNN DelaN  LNN

Can model dynamical systems W v v o v
Learns differential equations v v v v
Learns exact conservation laws v v v
Learns from arbitrary coords. o v o v
Learns arbitrary Lagrangians v

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020
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Hamiltonian vs. Lagrangian Neural Networks (HNNs vs. LNNs)

In principle, HNNs and LNNs act similarly:

« Both learn a function (Hamiltonian or Lagrangian) and aim to conserve energy
 For HNNs, momenta (p) can be hard to formulate for complex systems

* Thus, the canonical coordinates required by HNNs can be a bottleneck

- LNNs are more general and can learn from arbitrary coordinates

Meural pet Newral ODE HNN DelaN  LANN

Can model dynamical systems W v v o v
Learns differential equations v v v v
Learns exact conservation laws v v v
Learns from arbitrary coords. o v o v
Learns arbitrary Lagrangians v

M. Cranmer, S. Greydanus, S. Hoyer, P. Battaglia, D. Spergel, S. Ho, “Lagrangian Neural Networks”, ICLR Workshop, 2020 52



Questions are welcome!

Let’s discuss ideas, challenges
and perspectives!
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